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Abstract
We extend Noether’s symmetry theorem to the fractional Riemann-
Liouville integral functionals of the calculus of variations recently intro-
duced by El-Nabulsi.
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1 Introduction
The concept of symmetry plays an important role both in Physics and Math-
ematics. Symmetries are described by transformations of the system, which
result in the same object after the transformation is carried out. They are
described mathematically by parameter groups of transformations. Their im-
portance ranges from fundamental and theoretical aspects to concrete applica-
tions, having profound implications in the dynamical behavior of the systems,
and in their basic qualitative properties.
Another fundamental notion in Physics and Mathematics is the one of con-
stant of motion. Typical application of the constants of motion in the calculus
of variations is to reduce the number of degrees of freedom, thus reducing the
problems to a lower dimension, facilitating the integration of the differential
equations given by the necessary optimality conditions.
Emmy Noether was the first who proved, in 1918, that the notions of sym-
metry and constant of motion are connected: when a system exhibits a sym-
metry, then a constant of motion can be obtained. One of the most important
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and well known illustrations of this deep and rich relation, is given by the
conservation of energy in Mechanics: the autonomous Lagrangian L(q, q˙), cor-
respondent to a mechanical system of conservative points, is invariant under
time-translations (time-homogeneity symmetry), and
L (q, q˙)−
∂L
∂q˙
(q, q˙) · q˙ ≡ constant (1)
follows from Noether’s theorem, i.e., the total energy of a conservative system
always remain constant in time, “it cannot be created or destroyed, but only
transferred from one form into another”. Expression (1) is valid along all the
Euler-Lagrange extremals q of an autonomous problem of the calculus of vari-
ations. The constant of motion (1) is known in the calculus of variations as
the 2nd Erdmann necessary condition; in concrete applications, it gains differ-
ent interpretations: conservation of energy in Mechanics; income-wealth law
in Economics; first law of Thermodynamics; etc. The literature on Noether’s
theorem is vast, and many extensions of the classical results of Emmy Noether
are now available in the literature (see e.g. [13, 14] and references therein).
Here we remark that constants of motion appear naturally in closed systems.
It turns out that in practical terms closed systems do not exist: forces
that do not store energy, so-called nonconservative or dissipative forces, are
always present in real systems. Friction is an example of a nonconservative
force. Any friction-type force, like air resistance, is a nonconservative force.
Nonconservative forces remove energy from the systems and, as a consequence,
the constant of motion (1) is broken. This explains, for instance, why the
innumerable “perpetual motion machines” that have been proposed fail. In
presence of external nonconservative forces, Noether’s theorem and respective
constants of motion cease to be valid. However, it is still possible to obtain
a Noether-type theorem which covers both conservative (closed system) and
nonconservative cases [3, 6]. Roughly speaking, one can prove that Noether’s
conservation laws are still valid if a new term, involving the nonconservative
forces, is added to the standard constants of motion.
The study of fractional problems of the calculus of variations and respective
Euler-Lagrange type equations is a subject of strong current research because of
its numerous applications: see e.g. [1, 2, 4, 5, 8, 9, 10, 11, 12]. F. Riewe [11, 12]
obtained a version of the Euler-Lagrange equations for problems of the calcu-
lus of variations with fractional derivatives, that combines the conservative and
non-conservative cases. In 2002 O. Agrawal proved a formulation for variational
problems with right and left fractional derivatives in the Riemann-Liouville
sense [1]. Then these Euler-Lagrange equations were used by D. Baleanu and
T. Avkar to investigate problems with Lagrangians which are linear on the ve-
locities [2]. In [8, 9] fractional problems of the calculus of variations with sym-
metric fractional derivatives are considered and correspondent Euler-Lagrange
equations obtained, using both Lagrangian and Hamiltonian formalisms. In
all the above mentioned studies, Euler-Lagrange equations depend on left and
right fractional derivatives, even when the problem depend only on one type
of them. In [10] problems depending on symmetric derivatives are considered
for which Euler-Lagrange equations include only the derivatives that appear in
the formulation of the problem. In [4, 5] Riemann-Liouville fractional integral
functionals, depending on a parameter α but not on fractional-order deriva-
tives of order α, are introduced and respective fractional Euler-Lagrange type
equations obtained.
A Noether-type theorem for problems of the calculus of variations with
fractional-order derivatives of order α is given in [7]. Here we use the results
of El-Nabulsi [4, 5] to prove a nonconservative Noether’s theorem in the new
fractional action-like framework.
2 Fractional action-like Noether’s theorem
We consider the fundamental problem of the calculus of variations with Riemann-
Liouville fractional integral, as considered by El-Nabulsi [4, 5]:
I[q(·)] =
1
Γ(α)
∫ b
a
L (θ, q(θ), q˙(θ)) (t− θ)α−1dθ −→ min , (2)
under given boundary conditions q(a) = qa and q(b) = qb, where q˙ =
dq
dθ
, Γ is
the Euler gamma function, 0 < α ≤ 1, θ is the intrinsic time, t is the observer
time, t 6= θ, and the Lagrangian L : [a, b] × Rn × Rn → R is a C2 function
with respect to its arguments. We will denote by ∂iL the partial derivative of
L with respect to the i-th argument, i = 1, 2, 3. Admissible functions q(·) are
assumed to be C2.
Theorem 1 (cf. [4]). if q is a minimizer of problem (2), then q satisfies
the following Euler-Lagrange equation:
∂2L (θ, q(θ), q˙(θ))−
d
dθ
∂3L (θ, q(θ), q˙(θ)) =
1− α
t− θ
∂3L (θ, q(θ), q˙(θ)) . (3)
We now introduce the following definition of variational quasi-invariance up
to a gauge term (cf. [13]).
Definition 2 (quasi-invariance of (2) up to a gauge term Λ). Func-
tional (2) is said to be quasi-invariant under the infinitesimal ε-parameter trans-
formations {
θ¯ = θ + ετ(θ, q) + o(ε)
q¯(θ¯) = q(θ) + εξ(θ, q) + o(ε)
(4)
up to the gauge term Λ if, and only if,
L
(
θ¯, q¯(θ¯), q¯′(θ¯)
)
(t− θ¯)α−1
dθ¯
dθ
= L (θ, q(θ), q˙(θ)) (t− θ)α−1 + ε(t− θ)α−1
dΛ
dθ
(θ, q(θ), q˙(θ)) + o(ε) . (5)
Lemma 3 (necessary and sufficient condition for quasi-invariance).
If functional (2) is quasi-invariant up to Λ under the infinitesimal transforma-
tions (4), then
∂1L (θ, q, q˙) τ + ∂2L (θ, q, q˙) · ξ + ∂3L (θ, q, q˙) ·
(
ξ˙ − q˙τ˙
)
+ L (θ, q, q˙)
(
τ˙ +
1− α
t− θ
τ
)
= Λ˙ (θ, q, q˙) . (6)
Proof. Equality (5) is equivalent to[
L
(
θ + ετ + o(ε), q + εξ + o(ε),
q˙ + εξ˙ + o(ε)
1 + ετ˙ + o(ε)
)]
(t− θ − ετ − o(ε))
α−1
(1 + ετ˙ + o(ε))
= L (θ, q, q˙) (t− θ)α−1 + ε(t− θ)α−1
d
dθ
Λ (θ, q, q˙) + o(ε) . (7)
Equation (6) is obtained differentiating both sides of equality (7) with respect
to ε and then putting ε = 0.
Definition 4 (constant of motion). A quantity C (θ, q(θ), q˙(θ)), θ ∈
[a, b], is said to be a constant of motion if, and only if, d
dθ
C (θ, q(θ), q˙(θ)) = 0
for all the solutions q of the Euler-Lagrange equation (3).
Theorem 5 (Noether’s theorem). If the fractional integral (2) is quasi-
invariant up to Λ, in the sense of Definition 2, and functions τ(θ, q) and ξ(θ, q)
satisfy the condition
L (θ, q, q˙) τ = −∂3L (θ, q, q˙) · (ξ − q˙τ) , (8)
then
∂3L (θ, q, q˙) · ξ(θ, q) + [L(θ, q, q˙)− ∂3L (θ, q, q˙) · q˙] τ(θ, q) − Λ (θ, q, q˙) (9)
is a constant of motion.
Remark 6. Under our hypothesis (8) the necessary and sufficient condi-
tion of quasi-invariance (6) is reduced to
∂1L (θ, q, q˙) τ + ∂2L (θ, q, q˙) · ξ + ∂3L (θ, q, q˙) ·
(
ξ˙ − q˙τ˙
)
+ L (θ, q, q˙) τ˙ −
1− α
t− θ
∂3L (θ, q, q˙) · (ξ − q˙τ) = Λ˙ (θ, q, q˙) . (10)
Conditions (8) and (10) correspond to the generalized equations of Noether-
Bessel-Hagen of a non-conservative mechanical system [3].
Proof. We can write (10) in the form[
∂1L (θ, q, q˙) +
1− α
t− θ
∂3L (θ, q, q˙) · q˙
]
τ + [L (θ, q, q˙)− ∂3L (θ, q, q˙) · q˙] τ˙
+
[
∂2L (θ, q, q˙)−
1− α
t− θ
∂3L (θ, q, q˙)
]
· ξ + ∂3L (θ, q, q˙) · ξ˙ − Λ˙ = 0 . (11)
Using the Euler-Lagrange equation (3) equality (11) is equivalent to
d
dθ
[L (θ, q, q˙)− ∂3L (θ, q, q˙) · q˙] τ + [L (θ, q, q˙)− ∂3L (θ, q, q˙) · q˙] τ˙
+
d
dθ
[∂3L (θ, q, q˙)] · ξ + ∂3L (θ, q, q˙) · ξ˙ − Λ˙ = 0
and the intended conclusion follows:
d
dθ
[∂3L (θ, q, q˙) · ξ + (L(θ, q, q˙)− ∂3L (θ, q, q˙) · q˙) τ − Λ (θ, q, q˙)] = 0 .
3 Examples
In [5, §4] El-Nabulsi remarks that conservation of momentum when L is not a
function of q or conservation of energy when L has no explicit dependence on
time θ are no more true for a fractional order of integration α, α 6= 1. As we
shall see now, these facts are a trivial consequence of our Theorem 5. Moreover,
our Noether’s theorem gives new explicit formulas for the fractional constants
of motion. For the particular case α = 1 we recover the classical constants of
motion of momentum and energy.
Let us first consider an arbitrary fractional action-like problem (2) with an
autonomous L: L (θ, q, q˙) = L (q, q˙). In this case ∂1L = 0, and it is a simple
exercise to check that (10) is satisfied with τ = 1, ξ = 0 and Λ given by
Λ˙ =
1− α
t− θ
∂L
∂q˙
· q˙ .
It follows from our Noether’s theorem (Theorem 5) that
L (q, q˙)−
∂L
∂q˙
(q, q˙) · q˙ − (1− α)
∫
1
t− θ
∂L
∂q˙
(q, q˙) · q˙ dθ ≡ constant . (12)
In the classical framework α = 1 and we then get from our expression (12)
the well known constant of motion (1), which corresponds in mechanics to
conservation of energy.
When L is not a function of q one has ∂L
∂q
= 0 and (10) holds true with
τ = 0, ξ = 1 and Λ given by
Λ˙ = −
1− α
t− θ
∂L
∂q˙
(θ, q˙) .
The constant of motion (9) takes the form
∂L
∂q˙
(θ, q˙) + (1− α)
∫
1
t− θ
∂L
∂q˙
(θ, q˙) dθ . (13)
For α = 1 (13) implies conservation of momentum: ∂L
∂q˙
= const.
Acknowledgments
The first author acknowledges the support of the Portuguese Institute for Devel-
opment (IPAD); the second author the support by the Centre for Research on
Optimization and Control (CEOC) from the “Fundaa˜o para a Cieˆncia e a Tec-
nologia” (FCT), cofinanced by the European Community Fund FEDER/POCTI.
References
[1] O. P. Agrawal. Formulation of Euler-Lagrange equations for fractional
variational problems, J. Math. Anal. Appl. 272 (2002), no. 1, 368–379.
[Zbl 1070.49013] [MR1930721 (2003h:49033)]
[2] D. Baleanu, T. Avkar. Lagrangians with linear velocities within Riemann–
Liouville fractional derivatives, Nuovo Cimento 119 (2004) 73–79.
[3] D. S. Djukic, A. M. Strauss. Noether’s theory for nonconservative gen-
eralised mechanical systems, J. Phys. A 13 (1980), no. 2, 431–435.
[MR0558640 (80m:70023)]
[4] R. A. El-Nabulsi. A fractional action-like variational approach of some clas-
sical, quantum and geometrical dynamics, Int. J. Appl. Math. 17 (2005),
no. 3, 299–317. [Zbl pre05003431] [MR2191270]
[5] R. A. El-Nabulsi. A fractional approach to nonconservative lagrangian
dynamical systems, FIZIKA A 14 (2005) 4, 289–298.
[6] G. S. F. Frederico, D. F. M. Torres. Nonconservative Noether’s Theorem
in Optimal Control, Proc. 13th IFAC Workshop on Control Applications
of Optimisation, 26-28 April 2006, ENS de Cachan, Paris, pp. 127–132.
E-Print: arXiv.org:math.OC/0512468
[7] G. S. F. Frederico, D. F. M. Torres. Noether’s theorem for fractional opti-
mal control problems, Proc. 2nd IFAC Workshop on Fractional Differen-
tiation and its Applications, 19-21 July 2006, Porto, pp. 142–147. E-Print:
arXiv.org:math.OC/0603598
[8] M. Klimek. Fractional sequential mechanics—models with symmetric frac-
tional derivative, Czechoslovak J. Phys. 51 (2001), no. 12, 1348–1354. [Zbl
1064.70507] [MR1917624 (2003f:70031)]
[9] M. Klimek. Lagrangean and Hamiltonian fractional sequential mechan-
ics, Czechoslovak J. Phys. 52 (2002), no. 11, 1247–1253. [Zbl 1064.70013]
[MR1966935 (2004b:70034)]
[10] M. Klimek. Lagrangian fractional mechanics – a noncommutative ap-
proach, Czechoslovak J. Phys. 55 (2005), no. 11, 1447–1453.
[11] F. Riewe. Nonconservative Lagrangian and Hamiltonian mechanics, Phys.
Rev. E (3) 53 (1996), no. 2, 1890–1899. [MR1401316 (97d:70021)]
[12] F. Riewe. Mechanics with fractional derivatives, Phys. Rev. E (3) 55
(1997), no. 3, part B, 3581–3592. [MR1438729 (97m:70031)]
[13] D. F. M. Torres. Quasi-invariant optimal control problems, Port. Math.
(N.S.) 61 (2004), no. 1, 97–114. [Zbl 1042.49015] [MR2040245 (2005h:49059)]
[14] D. F. M. Torres. Proper extensions of Noether’s symmetry theorem for
nonsmooth extremals of the calculus of variations, Commun. Pure Appl.
Anal. 3 (2004), no. 3, 491–500. [Zbl 1058.49019] [MR2098297]
